
let IGI=p" m with Cp, mk 1 . Let np be the number of Sylow p - subgp
of G .

Then

np I m and n p=L mod p

simple applications ( finite gps of certain order are not simple)
D 1Gt 15 .

Then ns 13 and us EL mod 5 .

So no - I . Thus the Sylow 5-subgp Pof G is normal
.

Then 923 c P c G
.

Soo G not simple
② 161--6 .

Then he 14 and no =L mods .

So hs =L. This the Sylow 5-subgp P of G is normal
.

( Glp 1=4 .

So Glp is abelian. This a not simple

Lem
. If G has k subgp of order p, then G has hep-belt of order p.

Pf . felt of order p } → fsubgp of order p3
g i→ c g>

This is a Cp-hi 2 map as each subgp contains Cp- t) of Sackett . I

③ IG k 12 .

Then he 1 or 3
,
Nz=/ or 4.

If nz =L .
Then G not simple



If no -- 4, then G has 4-2=8 ett of order 3.
The remaining 12-8=4 ett must form a Sylow 2- subgp .

So m-- 2
. Again G not simple

④ 141=30 . Then Nz-- I or lo . he =/ or 6 .

If nz= I or he =L , then G hut simple .

If nz= ie & no -- 6 , then G has a ett of order 3
24 ett of order 5.

Contradiction
.

Lem
. If H , Kc G , then I HKI = It'llHAHAH

.

Pf. Consider the map e : Hxk → Hk .

Then each fiber is in bijection with Hh k tf
.

⑤ 161--48 .

Then he 2 or 3
.

If nz= I , then G is not simple
If he 3, let H

,
k be Sylow 2- subgp (of order 163

Then IHK Is 48 ⇒ IHA KI --8 .
So Hnk a H , K

.

Now Naina k) Z H , K .

Se Na CHAN -- G
.

Then HNKOG
.

G not simple



⑥ 161=36 .
Then us =L or 4

.

If he 2
,
then G is not simple

If he 4, let H , k be Sylow subgp ( of order 93
Then I HKIE 36 ⇒ IHA KI=3.

By 1st Sylow Th, Hnk o H , K .

So INa CHAK) I > 9. Thus

41 (Na CHAKI 1=36. So Hh k OG
.

G is notsimple
Cill Ina CHAN 1=18 .

So Na CHA KI OG (since index = 23

So G is not simple

Application ( classification of finite sport given order)
Lem

.
let Pff be prime factors of 191 . If up = ng =L, then

ett in the Sylow p- subgp commutes with ett in the Sylow f -subgp
Pf . let P , Q be the Sylow p -su Igp and Sylow f -sulgp .
Then P, Q OG

.

Also PA Q = { 21
.

Now f- a E P , b EQ
,
as a -' 5

'
G Ph Q = HI

. So
.

ab= ba a

Pup .
All syhnsubgp of G are normal riff G is . t the direct

product of its Sylow subgp



Pf. ⇐ by the def of direct product .

⇒ let Pi, - -

s Pu be Sylow gp of G .

Consider the map T : Pix . . . xp, → G

This map is injective , hence bijective as both sides have

the same order .

Also a gp home by the above tem ) I

Th
.
let 1Gt Pf with f >p .

Then G is not simple .

If moreover f# I modp , then GI Zapf .

Pf. ng -- I . So QOG
.

If f# I mod p, then Np =3 .

So G = Px Q⇒p×Zq ⇐ Zpf . A

Th
.
let 16k Pf

.

Then G is not simple .

If moreover, of> p and f#I modp . then G is abelian

Pf . If p > f , then np= 2. So G is not simple
If f sp. then ng Ip

' and n gel mod f
Thus net-- 2 ( so G hot simple) or ng =p?

If n q =p? Then f ( (PII ) ⇒ p--2, 7--3 .

So 161=12

we have proved that G is not simple in this case.



If f# I mod p. then hp -- n q -- I .

So GEPXQ
.

Here lpkp
"

.

So p is abelian

IQkf
.
Se Q is cyclic I

.

Th
.

let 161 =p't ? Then G is not simple .

Pf . Suppose at>p . Then ng Ip
" and age I mdp .

So either n g- =L ( Se G is not simple)

or p
--2,9--3 .

So 161=36 .

We have shown that a gp of order 36 is not simple I


